Abstract. We use the spectrum tmf to obtain new nonimmersion results for many real projective spaces RP n for n as small as 113. The only new ingredient is some new calculations of tmfcohomology groups. We present an expanded table of nonimmersion results. Our new theorem is new for 17% of the values of n between 2 i and 2 i + 2 14 for i ≥ 15.
Introduction
We use the spectrum tmf to prove the following new nonimmersion theorem for real projective spaces P n .
Theorem 1.1. Let α(n) denote the number of 1's in the binary expansion of n.
a. If α(M) = 3, then P 8M +9 does not immerse in ( ⊆) R 16M −1 .
b. If α(M) = 6, then P 8M +9 ⊆ R 16M −11 .
c. If α(M) = 7, then P 16M +16 ⊆ R 32M −7 and P 16M +17 ⊆ R 32M −6 .
d. If α(M) = 9, then P 32M +25 ⊆ R 64M −4 and P 32M +26 ⊆ R 64M −3 .
e. If α(M) = 10, then P 16M +17 ⊆ R 32M −20 and P 16M +18 ⊆ R 32M −19 .
We apply the same method that was used in [4] , using tmf * (−) to detect nonexistence of axial maps. The novelty here is that we compute and utilize groups tmf * (P m ∧ P n ) when m and/or n is odd. In [4] , only even values of m and n were studied. There is, however, no significant difference or complication in using the odd values. We prove Theorem 1.1 in Section 2.
For many years, the author has maintained a website ( [5] ) which listed all known immersion, nonimmersion, embedding, and nonembedding results for P n and tabulated them for n = 2 i + d with 2 i > d and 0 ≤ d ≤ 63. In [12] , W. Stephen
Wilson acknowledged how this table motivated him to try (and succeed) to prove nonimmersions for small P n . Our Theorem 1.1(a.) includes P 2 i +49 ⊆ R 2 i+1 +79 and
+95 for i ≥ 6, which improve on previous best results (of [12] ) by 1 and 2 dimensions, respectively, and hence enter the table [5] .
To facilitate checking whether results are new, the author has greatly expanded his values for small α(−) of tmf-implied nonimmersions which were overlooked in [4] and noted in [7] . The other big collection of nonimmersion results is those obtained in [12] using ER(2)-cohomology, which appears 2092 times. Both ER(2) and tmf can be considered as real-versions of BP 2 . Using ER(2) is advantageous because ER(2) * (P n ) has a 2-dimensional class, while tmf * (P n ) only has an 8-dimensional class. Also ER(2) is more closely related to BP 2 , and so, as W. Stephen Wilson says, it can "mooch" off the result (1.2). The advantage of tmf is that some of its groups are one 2-power larger than those of ER(2).
In [6] , it was stated that (1.2) was within 2 dimensions of all known nonimmersion results, in the sense that the two dimensions could come from the Euclidean space, the projective space, or a combination. In other words, if D(n) denotes the nonimmersion dimension for P n obtained from (1.2), and K(n) the best known nonimmersion dimension for P n , then, at the time, it was true that
This is no longer true. There are 10 values of n in the table for which the result of [9] , which states that if α(n) = 4 and n ≡ 10 mod 16 then P n ⊆ R 2n−9 , does not satisfy (1.3), and there are 418 values of n in the table for which Theorem 1.1(c) does not satisfy (1.3). These are the only results which are more than 2 stronger than (1.2) in the sense of (1.3), and it is still true that (1.2) is within 3 dimensions of all known results in the same sense. That is, the following statement is currently true.
The first example of (1.3) not being satisfied occurs for n = 58; we have K(58) = 107 due to [9] [4] . We have emphasized the results for small values of α(M) for clarity of exposition. The extension, whose proof we sketch in Section 3, is as follows. The lettering of the parts corresponds to the parts of Theorem 1.1.
mod 2 e 1 +1 with e 0 < e 1 . Then
, and
c. If α(M) = 4h + 3 with h odd and M ≡ 0 mod p(h + 1), then
2. Proof of Theorem 1.1
Let tmf denote the 2-local connective spectrum introduced in [10] , whose mod-2 cohomology is the quotient of the mod-2 Steenrod algebra A by the left ideal generated by Sq by an axial map P m × P n → P k effectively sends X to u(X 1 + X 2 ), where u is a unit in tmf 0 (P m × P n ) which will be omitted from our exposition.
We will often use duality isomorphisms tmf
and tmf
For any integer m, P m denotes the spectrum P ∞ m . We make frequent use of the periodicity P 
. We will never be interested in the values of odd factors of coefficients, and will not list them.
Proof of (a). If the immersion exists, there is an axial map
The induced homomorphism in tmf * (−) sends 0 = X 2M to (2.1)
). This group is isomorphic to tmf −2 (P −10 ∧ P −10 ) ≈ tmf 30 (P 6 ∧ P 6 ). The portion of the ASS for tmf 30 (P 6 ∧ P 6 ) arising from filtration 0 by h 0 -extensions appears in Diagram 2.2. 
, and multiples of these are 0 in all filtrations > 1. Thus
, we obtain that (2.1) is nonzero, contradicting the existence of the immersion.
Proof of (b). If the immersion exists, there is an axial map
This group is isomorphic to tmf 38 (P 6 ∧ P 6 ), and the relevant part of it is given in Diagram 2.5. Similarly to case (a), and continuing in all remaining cases, it cannot be hit by a differential in the ASS. 
, which is nonzero in the group depicted by Diagram 2.5, contradicting the existence of the immersion.
Proof of (c). If the first immersion exists, there is an axial map
This group is isomorphic to tmf 46 (P 7 ∧ P 2 ), and the relevant part of it is given in the left side of Diagram 2.7. The generators, from left to right, correspond to X
, with the sum relation in filtration 4 similar to that of the previous (and future) parts.
Since α(M) = 7, the component of the middle terms in (2.6) is
, which is nonzero in the group depicted by Diagram 2.7. The argument for the second nonimmersion involves the same sum in a group isomorphic to tmf 46 (P 6 ∧ P 3 ), which is pictured on the right side of Diagram 2.7.
Proof of (d).
The proof is similar to those of parts (b) and (c). The first nonimmersion is proved by showing if α(M) = 9, then (2.8)
This group is isomorphic to tmf 62 (P 6 ∧ P 5 ), the relevant part of which is depicted in Diagram 2.9, with generators corresponding to i = 4M − 3, . . . , 4M + 3 in (2.8). The sum relation in filtration 8 follows from [4, Thm 2.7] . The middle components of our class are
, which is nonzero in filtration 9. Note that 2
is 0 in filtration 9, as can be seen from Diagram 2.9 or from [4, 2.7] , which says that if g 1 , g 2 , g 3 denote the middle three generators, then there are relations that both 2 8 (g 1 + g 2 + g 3 ) and The argument for the second nonimmersion is virtually identical. Its obstruction is the same sum in a group isomorphic to tmf 62 (P 5 ∧ P 6 ), so just the reverse of Diagram 2.9.
Proof of (e). The obstruction this time is
in a group isomorphic to the one depicted in Diagram 2.9. The middle terms are
, which is nonzero.
3. Sketch of proof of Theorem 1.4
We use the v 8 2 -periodicity of Ext A 2 proved in [8, p.299, Thm 5.9 ] to see that, if one of the diagrams of Section 2 depicts a portion of tmf i (P a ∧ P b ), then the top part of the portion of tmf i+48j (P a ∧ P b ) generated by filtration-0 classes has the same form 8j units higher. We also use the arguments on [4, p.54 ] to see that, when this portion is interpreted as a quotient of a tmf k (P c ∧P d ) group, the relations are of the same sort as those in [4, Thm 2.7] . The relation [4, (2.10) ] is especially important and will be noted specifically below. We use cofiber sequences such as
to deduce results for our spaces, in which at least one of the bottom dimensions is even, from those of [4] , which dealt with the situation when both bottom dimensions are odd. The nice form of Ext A 2 (H * P b ) below a certain line of slope 1/6 is important here. As noted on [4, p.54] , it is just a sum of copies of Ext A 1 (Z 2 ), suitably placed.
Proof of 1.4(b,e). If the immersion in (b) exists, there is an axial map
We obtain a contradiction to this by showing (3.1)
Our obstruction will be in filtration 4h + 1, where there is a nonzero class by v 8 2 -periodicity from Diagram 2.5, which is the case h = 1. Note that the group in which (3.1) lies is isomorphic to tmf 24h+14 (P 6 ∧ P 6 ). The terms in (3.1) with i > M cannot interfere in this filtration because for such i,
The same holds for terms with i < M − h due to the second factor. By [4, 3.12] , the coefficients of the terms in (3.1) with
. This is where the strange hypothesis comes into play. Next we note 
Proof of 1.4(c,d
). The proof of (d) is virtually identical to that of (c), and this is similar to that of (b) with the main difference being that the obstruction is due 
